Generalizing a recent result of H. Hedenmalm for p = 2, a contractive zero-divisor is found in the Bergman space A p over the unit disk for 1 < p < oo. This is a function G £ A p with \\G\\ P = 1 and a prescribed zero-set {ζj} , uniquely determined by the contractive property \\f/G\\ p < \\f\\p for all f e A p which vanish on {ζj} . The proof uses the positivity of the biharmonic Green function of the disk. For a finite zero-set, the canonical divisor G is represented explicitly in terms of the Bergman kernel of a certain weighted A 2 space. It is then shown that G has an analytic continuation to a larger disk.
for every / e A p . Bergman spaces ^(Ω) can be defined more generally over any domain Ω c C with finite area.
For the Bergman space A 2 over the disk Hakan Hedenmalm [8] recently constructed a canonical contractive zero-divisor which plays the role of a Blaschke product. This is a function G e A 2 of unit norm, depending only on the zero-set of a given function / eA 2 , such that f/G is a nonvanishing function in A 2 and ||//G||2 < II/II2 Hedenmalm's idea was to construct G as the unique solution to an extremal problem analogous to the one that produces Blaschke products in the Hardy spaces. The details will be described below.
Another analogue of a Blaschke product, valid more generally in AP, was found earlier by Charles Horowitz [9] . For a zero-set {£/} of a function / e AP, with repetitions according to multiplicity, Horowitz showed that the product j converges. For 0 < p < 00, he then proved that f/B e AP and \\f/B\\p < C p II/||p, where C p is a constant depending only on p. However, Horowitz' function B need not belong to the space A p . Horowitz [9] used this construction to show that every subset of an A p zero-set is an A p zero-set, for 0 < p < 00. In this paper we present a simplified version of Hedenmalm's construction while extending it to A p spaces over the disk with 1 < p < 00. In fact, the argument will extend to A p (Ω) for certain domains Ω with smooth boundary. One key to the more general result is to replace an explicit construction of Hedenmalm's, apparently viable only for A 2 of the disk, by a more flexible argument. The essential hypothesis is then that the biharmonic Green function of Ω be positive.
In order to make our presentation self-contained, we shall redevelop some of Hedenmalm's ideas in a more general context. There is inevitably some repetition, but we hope our discussion will help to bring the essential points into focus. Some parts of Hedenmalm's argument require totally different proofs for p Φ 2. For instance, the canonical divisor of a finite zero-set still has an analytic continuation to a larger disk, but the proof for p Φ 2 is much more difficult. For this reason the proof is deferred to the end of the paper, although some mild regularity at the boundary is needed earlier to establish the contractive property. In §6, the canonical divisor is represented in terms of the Bergman kernel function of a certain weighted A 2 space, which is then shown to have the desired analytic continuation. In §5, the canonical divisor for a single point is calculated explicitly, and its properties are used (following Hedenmalm's argument for A 2 ) to show in general that a canonical divisor can have no extraneous zeros. It is pointed out in §7 that a canonical divisor is always properly contractive.
The canonical divisor.
Assume now that 1 < p < oc, and let {Ci > £2 > } be the sequence of zeros (repeated according to multiplicity) of some function in AP , where ζj € D and ζj φθ-Let N p be the set of all / eA p which vanish to (at least) the prescribed order at each point ζj. Consider the extremal problem of maximizing |/(0)| among all / E N p with ||/|| p = 1. In order to see that an extremal function exists and is unique up to rotation, we pass to the equivalent problem of minimizing ||/|| p among all f e N p with /(0) = 1. For 1 < p < 00 this is a closed convex subset of the uniformly convex Banach space AP, so a standard theorem of functional analysis (see For p = l a different argument is required to prove the existence and uniqueness of the canonical divisor. In the original form of the extremal problem, a normal family argument may be applied to produce an extremal function. Another proof of uniqueness, valid for 1 < p < 00, involves kernel functions of weighted Bergman spaces and is deferred to the end of the paper. (See §6, Corollary of Theorem 5.) Meanwhile, we shall speak of the canonical divisor even for p = 1. It may be observed that our discussion actually applies to any normalized solution of the extremal problem.
We suppose first that the prescribed zero-set is finite. Then we assert that the canonical divisor G extends smoothly to the closed disk. In fact, we shall prove at the end of the paper ( §6) that it has an analytic continuation to a larger disk. This is much easier to see (cf. Hedenmalm [8] ) in the special case p = 2 indeed, it then follows from the theory of reproducing kernels (see [14] , p. 62) that G(z) is equal to a constant plus a linear combination of the Bergman kernel functions K{z, CO, K(z, ζ 2 ), ... , K(z, ζ n ) and certain of their derivatives, where {ζ\, ... , ζ n } is the prescribed zero-set. Thus G is certainly analytic in the closed disk if p = 2.
By a simple variational argument, we can now derive a special orthogonality property of the extremal function G. 
SL /D
Since G is bounded, this actually holds for all / € A 1 . Taking the real part and recalling that the class L ι h is preserved under harmonic conjugation, we arrive at (1).
Condition (2) depends on the fact that G is bounded. A more general consequence of the extremal property of G is that
with h(0) = 0. This is proved in the same way, even for an infinite zero-set, by the variation H* = H + λh.
It is important to note that the converse is also true. In other words, the condition (4) actually characterizes the extremal function. LEMMA In the case p = 2, Hedenmalm [8] was able to verify the properties (7) by first displaying φ explicitly as a double sum in terms of the (known) structure of the extremal function G, then making direct calculations. For p Φ 2 no explicit formulas are available and a different approach is necessary. We shall use Green's formula (see e.g. Nehari [11] , Ch. 1)
(8)
valid for any functions w, t> E C 2 (B), where dA and ds denote the elements of area and arclength, respectively.
Proof of "(7a). It suffices to show that for all u e C 2 (D) harmonic in D. But by Green's formula,
in view of the construction (6) of φ, the harmonicity of u, and Lemma 1.
Proof of"(7b).
Since φ = dφ/dn = 0 on T, the function ^ has the integral representation (9) φ
where Γ is the biharmonic Green function of D, given by the formula
except for a finite number of points in D, the representation formula (9) will then prove (7b). It remains to verify that the biharmonic Green function (10) of the disk is positive. This is stated as an exercise in Garabedian's book ([7] , p. 275), so we record a proof here. Observe that i-7z
so the property Γ(z, ζ) > 0 reduces to the simple inequality logx < x-l for x > 1. This concludes the proof of Lemma 3.
Note that the argument applies in any simply connected Jordan domain Ω c C with smooth boundary, provided only that the biharmonic Green function of Ω is positive and that the canonical divisor G is sufficiently smooth at the boundary to allow the application of Green's formula. Unfortunately, the biharmonic Green function need not always be positive; Garabedian [6] showed that a sufficiently eccentric ellipse is already a counterexample. (See also [13].) 3. The expansive property. Having produced a function φ with the properties (6) and (7), we can now show that the canonical divisor has an "expansive" property under multiplication which will imply the contractive property under division. Proof. We again appeal to Green's formula (8) . Taking which is the desired inequality (11) for polynomials /. The result for an arbitrary function / e A p now follows after approximating it in norm by polynomials.
The expansive property (11) of the canonical divisor has an important consequence which will be used in deriving the contractive property. Proof. The following argument is adapted from Hedenmalm [8] .
n /\\q n \\ p . Then IIQHII = 1 and Q n (z) -• 0 uniformly on each closed subset of B\{z 0 } as n -• oo, because q has a peak point at ZQ and it is easily verified that \\q n \\ p > Cn~2l Proof. Recall that (7(0) > 0 and \\G\\ P = 1. But for any nonconstant function / eA p , the inequality |/(0)| < \\f\\ p follows from the integral representation (3) and Holder's inequality.
At this point it may be helpful to clarify the status of the lemmas given above. Lemmas 2 and 6 are fully proved. However, the proofs of Lemmas 3, 4, and 5 all proceeded under the assumption that the canonical divisor G of a finite zero-set has a smooth extension to thb oundary. Lemma 1 makes the tacit assumption that G is bounded. At the end of the paper (in §6), these conditional lemmas will be put on firm footing with the proof that G has an analytic extension to the closed disk. There the uniqueness of the canonical divisor for p = 1 will also be proved. Meanwhile, in §4 we shall make an explicit calculation of the canonical divisor G a corresponding to a single zero a. The construction will depend only on Lemma 2. It will then be evident by inspection that G a is analytic in D, so all of the earlier lemmas will apply unconditionally with G replaced by G a .
Impossibility of extraneous zeros.
Recall that a canonical divisor G was defined by an extremal property where it was required to have zeros of prescribed orders or higher at prescribed points in the disk. The following theorem asserts that it can have no additional zeros. THEOREM 1. For 1 < p < oo, let G be the canonical divisor associated with an A p zero-set {ζj} in B\{0}, finite or infinite. Then the order of the zero of G at each ζj is precisely equal to the multiplicity assigned to ζj, and G(z) φ 0 elsewhere in the disk. Surprisingly, the main difficulty is to prove this theorem in the special case where the prescribed zero-set {ζj} reduces to a single point. In this case we shall now calculate the canonical divisor explicitly. It will be clear that it has no extraneous zeros.
For an arbitrary point a e D, let G a denote the canonical divisor with (at least) a simple zero at a. In view of Lemma 2, the divisor Combining this with (15) and (13) [12] have independently obtained the formula for G a . Their approach is somewhat different from ours. Both methods lead to a more general formula where a multiple zero is prescribed at the point a.
Proof of Theorem 1. Suppose on the contrary that G has a zero at some point a Φ ζj or that it has a zero of higher order than required at some point a = ζ 3 •. Let G a be the canonical divisor of {a} as constructed above. Then the function G/G a is analytic in D and has a zero of at least the prescribed order at each point ζj. But G a has a smooth extension to D, so the expansive property of multiplication by G a (Lemma 4) is established unconditionally. This implies Lemma 5, so IG^z)! > 1 onT,a fact which can also be seen by inspection of the formula for G a . Thus since G e A p , it follows that G/G a e A p . On the other hand, Lemma 4 states that ||G a /|| p > \\f\\ p for all feA p . Taking / = G/G a , we conclude that \\G/G a \\ p < \\G\\ P = 1. Thus the function G/G a has all of the properties required in the extremal problem through which G was defined. However, Lemma 6 (or direct inspection) shows that G a (0) < 1, so G(0)/G a (0) > G(0), which violates the extremal property of G. This contradiction shows that G can have no extraneous zeros.
It should be stressed that Theorem 1 has been established unconditionally. The proof made no appeal to the fact that the canonical divisor of an arbitrary finite zero-set has a smooth extension to the boundary.
The contractive property.
It is now a short step to the main result, the contractive property of the canonical divisor. The contractive property stated in this theorem is stronger than the expansive property given by (11). Moreover, it must be kept in mind that (11) was proved only for canonical divisors of finite zero-sets. In order to pass to infinite zero-sets, we need the following lemma. Proof of lemma. Since \\G n \\ p = 1 for n = 1, 2, ... , it is clear that the family {G n } is locally bounded and is therefore a normal family. In other words, some subsequence converges uniformly on compact subsets to a function H analytic in B>. According to Theorem 1 and Hurwitz' theorem, H has precisely the zeros {£/}, with the prescribed multiplicities. By Fatou's lemma, \\H\\ P < 1. But G n (0) > G(0) by the extremal property of G n , and so H(0) > G(0). It now follows from the uniqueness of the extremal function G that H(0) = G(0) and H = G. Since the argument shows that every subsequence of {G n } has the same limit, it is clear that G n (z) -• G(z) uniformly on compact sets. (Here one may also invoke Vitali's theorem for normal families.) To show that G n tends in norm to G, one need only recall that in L p of any measure space (0 < p < oo), the two conditions ) -f{x) a.e. and ||/ Λ || P -||/|| p imply that \\f n -f\\ p -0.
Proof of theorem.
In view of Theorem 1, f/G n is analytic in B>. But G n is continuous in D and by Lemma 5 it satisfies |G>,(z)| > 1 on T. Thus f/G n e A p . Since G n is the canonical divisor of a finite zeroset, the expansive property (11) may now be invoked to conclude that \\f\\p = \\Gn(f/G n )\\ p > \\f/G n \\ p , which is the contractive property for finite zero-sets. Now let g n = f/G n and g = f/G. It was just observed that g n e A p and H^Hp < ||/|| p . On the other hand, g is analytic in D, and Lemma 7 shows that g n (z) -> g{z) uniformly on compact sets. Thus Fatou's lemma gives \\g\\ p < \\f\\ p and g e A p . This shows that G is a contractive divisor.
To As an immediate corollary, we may state the following stronger form of Lemma 4. 6. Regularity of the canonical divisor. Our final objective is to show that the canonical divisor of a finite zero-set has an analytic continuation beyond the boundary of the unit disk. For p = 2 this is an obvious corollary of the fact that the canonical divisor is then a finite linear combination of Bergman kernel functions and their derivatives (cf. §1 and [8] ). A simple argument then extends the result to the case where p is any even integer. Indeed, the implication results from a general connection between the canonical divisors, which will now be stated as a lemma. With q = 2, Lemma 8 allows the regularity of the canonical divisor in A 2m to be deduced from that of the canonical divisor in A 2 , together with the fact that the latter has no zeros on the boundary (see Lemma 5) . For arbitrary p (1 < p < oό), the proof will proceed by expressing the canonical divisor in terms of the reproducing kernel of a certain weighted A 1 space. This representation is of independent interest and is stated below as Theorem 4. The proof then reduces to showing that the kernel function has an analytic continuation.
The terminology must first be explained. (19) is valid also for 2 < p < oc, and the proof is complete.
Note that the nonvanishing of the kernel function J(z, 0) has been established as a byproduct of the proof. Hakan Hedenmalm (private communication) found a direct and elegant proof of this remarkable fact, before we discovered the proof given above. If the kernel function is known a priori not to vanish in D, an alternate proof of Theorem 4 can be given for 2 < p < oo by showing that the function G defined by (19) has the property (5) of Lemma 2, and is therefore the canonical divisor. Actually, it is a corollary of Theorems 4 and 5 that /(z, 0) Φ 0 in D. If this were known a priori, the whole proof of Theorem 4 (for 1 < p < oo) could be based on Lemma 2.
The next lemma contains the crux of the analytic continuation argument. It is stated in a form more general than actually needed here. The result may be found in a paper of Garabedian [6] , where a direct proof is based on integral representations. We offer a short proof which relies heavily, however, on the phenomenon of elliptic regularity. From the representation by a kernel function given in Theorem 4, it is now easy to prove the regularity of the canonical divisor. THEOREM 
5.
In the space A p for 1 < p < oo, the canonical divisor G of each finite zero-set has an analytic continuation to a disk \z\<R for some R > 1, and G{z) Φ 0 there except for its prescribed zeros.
Proof. According to Theorem 4, the canonical divisor G has the form (19), where J(z, ζ) is the kernel function of A^ with w = \B\ P . By Lemma 9, J(z, 0) has an analytic continuation to a larger disk. Thus it remains only to show that J(z, 0) Φ 0 at all points z on T. But the representation shows that G has a smooth extension to the closed disk, so it has the expansive property of Lemma 4. This and the continuity of G up to the boundary show that \G(z)\ > 1 on T, as shown in Lemma 5. Since \B(z)\ = 1 onT, the representation of G therefore shows that /(z,0)^0on T, and the proof is complete.
COROLLARY. The canonical divisor is unique even for p = 1.
Proof. For finite zero-sets, this is a corollary of Theorem 4. For infinite zero-sets, one approximates the canonical divisor G by the canonical divisor G n of a finite set, as in Lemma 7. Theorem 5 says that G n has a smooth extension to D, and so by Lemma 4 it has the expansive property. The proof of Theorem 2 now applies to show that G is a contractive divisor. But there can be at most one contractive divisor. Indeed, if H were another contractive divisor, then \\H/G\\ P < \\H\\ P = 1 and similarly \\G/H\\ P < 1. Thus the nonvanishing function f=G/H has the property ||/||p + ||l//||p < 2, which is impossible unless f(z) = e ίθ , a constant of modulus one. Alternatively, it can be argued (see §7) that the contractive property implies the extremal property which defines the canonical divisor. The uniqueness is then established as in the proof of Theorem 2.
It may be remarked that the existence of an analytic continuation in the case 2 < p < oo also follows directly from the result for 1 < p < 2, in exactly the same way as the result for all even integers follows from its truth for p = 2.
7. Concluding remarks. Let us now observe that for 1 < p < oo, the Bergman space A p has no isometric zero-divisors. Since the contractive divisor is unique (under the normalization (5(0) > 0), it is the only possible candidate for an isometric zero-divisor. If ||(7/||p = \\f\\p for all f e A*>, then in particular \\G n \\ p = \\G\\ P = 1 for n = 1,2,.... But |C?(z)| > 1 on a set of positive area, so this is impossible.
In fact, it can be shown that ||(j/||p > \\f\\ P for all nonconstant functions / € A p , so the divisor G is properly contractive except when applied to a constant multiple of itself. For canonical divisors G of finite zero-sets, it is implicit in the proof of Lemma 4 that 
= π fί ίίr(z, ζ)A(\G(zW)A(\f(ζ)\ηdσ(z)dσ(ζ),
where Γ(z, ζ) is the biharmonic Green function of D. In a later paper, it will be shown that this last formula remains valid under very general hypotheses, allowing in particular an arbitrary canonical divisor G and an arbitrary function / e A p . An immediate consequence is that ||G/||p > ||/|| p if / is any nonconstant function in A p . It should be noted that the extremal property used to define the canonical divisor actually follows directly from the contractive property. Indeed, let g be a contractive divisor in A p for a zero-set {£,} in B\{0}. Then for any function / e N p , \\f/g\\ P < unless / is a constant multiple of g. In particular, if \\f\\ p < 1 and / vanishes on {£/}, then |/(0)| < |g"(0)| unless / is a constant multiple of g. As Hedenmalm [8] has already observed in the case p -2, the results of this paper extend mutatis mutandis to zero-sets containing the origin. The canonical divisor is then defined to maximize \g^m\0)\ among all g e N p with \\g\\ p = 1, where m is the prescribed order of the zero at the origin. It is again a contractive zero-divisor in A p . With some logical restructuring, the methods of this paper can be used to extend the contractive property to 0 < p < 1. For instance, the representation (19) in terms of a kernel function can then be taken as a definition of the canonical divisor for a finite zero-set, and it can be shown to have the contractive property. Also, the function G a defined by (16) can be verified still to have the orthogonality property of Lemma 1, so it is the contractive divisor for the single point a. The details are omitted, but in a later paper the results will be developed in a more general context for 0 < p < oo. In fact, the entire scheme of contractive divisors can be carried out in Bergman spaces A P {Ω) over more general Jordan domains Ω with analytic boundary, as indicated in the introduction. Some of the results extend to arbitrary invariant subspaces. These generalizations will be described in the later paper.
One further consequence of Theorem 5, on the analytic continuation of the canonical divisor G of a finite zero-set, should be noted. Let 1 < p < oo and fix a zero-set {£,-}, j -1, 2, ... , n. Assume for notational simplicity that all ζj 's are distinct. Then by a standard application of the duality relation (cf. [3] Simpler proofs and generalizations can be found in Shapiro [15] . For H p spaces the zero-divisors are Blaschke products, which do have the stated continuation property, but for Bergman spaces the case of general p seems to remain open.
Note added in proof Daniel Luecking and Krzysztof Samotij have independently pointed out to us that the uniqueness of the canonical divisor for p -\ is a simple consequence of the strict convexity of = l implies ||/ + *||i<2 unless f=g.
